ABSTRACT. In this article we develop a convergence theory for goal-oriented adaptive finite element algorithms designed for a class of second-order semilinear elliptic equations. We briefly discuss the target problem class, and introduce several related approximate dual problems that are crucial to both the analysis as well as to the development of a practical numerical method. We then review some standard facts concerning conforming finite element discretization and error-estimate-driven adaptive finite element methods (AFEM). We include a brief summary of a priori estimates for this class of semilinear problems, and then describe some goal-oriented variations of the standard approach to AFEM (GOAFEM). Following the recent approach of Mommer-Stevenson and Holst-Pollock for increasingly general linear problems, we first establish a quasi-error contraction result for the primal problem. We then develop some additional estimates that make it possible to establish contraction of the combined primal-dual quasi-error, and subsequently show convergence with respect to the quantity of interest. Finally, a sequence of numerical experiments are then carefully examined. It is observed that the behavior of the implementation follows the predictions of the theory.
INTRODUCTION
In this article we develop convergence theory for a class of goal-oriented adaptive finite element methods for second order semilinear equations. In particular, we establish strong contraction results for a method of this type for the problem: In many practical applications, one is more interested in certain physically relevant aspects of the solution, referred to as "quantities of interest", such as (weighted) averages, flow rates or velocities. These quantities of interest are often characterized by the value g(u), where u is the solution of (1.1) and g is a linear functional associated with a particular "goal". Given a numerical approximation u h to the solution u, goal-oriented error estimates use duality techniques rather than the energy norm alone to estimate the error in the quantity of interest . The solution of the dual problem can be interpreted as the generalized Green's function, or the influence function with respect to the linear functional, which often quantifies the stability properties of the computed solution. There is a substantial existing literature on developing reliable and accurate a posteriori error estimators for goal-oriented adaptivity; see [14, 5, 7, 16, 38, 15, 20, 21, 33] and the references cited therein. To our knowledge, the results presented here are the first to show convergence in the sense of the goal function for the class of semilinear elliptic problems discussed below. We support our theory with a numerical comparison of our method with standard goal-oriented adaptive strategies, demonstrating comparable efficiency with the added benefit of provable contraction for this problem class.
Our focus in this paper is on developing a goal-oriented adaptive algorithm for semilinear problems (1.2) along with a corresponding strong contraction result, following the recent approach in [35, 25] for linear problems. One of the main challenges in the nonlinear problem that we do not see in the linear case is the dependence of the dual problem on the primal solution u. As it is not practical to work with a dual problem we cannot accurately form, we develop a method for semilinear problems in which adaptive mesh refinement is driven both by residual-based approximation to the error in u, and by a sequence of approximate dual problems which only depend on the numerical solution from the previous step. While globally reducing the error in the primal problem necessarily yields a good approximation to the goal error g(u − u h ), methods of the type we describe here bias the error reduction in the direction of the goal-function g in the interest of achieving an accurate approximation in fewer adaptive iterations.
Contraction of the adaptive finite element algorithm for the (primal) semilinear problem (1.2) has been established in [28] and [24] . Here we recall the contraction argument for the primal problem and use a generalization of this technique to establish the contraction of a linear combination of the primal and limiting dual quasi-errors by means of a computable sequence of approximate dual problems. We relate this result to a bound on the error in the quantity of interest. Following [28] , the contraction argument follows from first establishing three preliminary results for two successive AFEM approximations u 1 and u 2 , and respectivelyẑ 1 andẑ 2 of the primal and limiting dual problems (see Section 2 for detailed definitions).
1) Quasi-orthogonality: There exists Λ G > 1 such that
2) Error estimator as upper bound on error: There exists C 1 > 0 such that For the primal problem, the mesh at each iteration may be marked for refinement with respect to the error indicators following the Dörfler marking strategy (cf. [13] ). In the case of the dual problem, the limiting estimator as used in the contraction argument is related to a computable quantity. This quantity is the dual estimator, based on the residual of the approximate dual sequence. The mesh is marked for refinement with respect to this set of error indicators, which correspond to the approximate dual problem at each iteration. The transformation between limiting and approximate dual estimators couples the contraction of error in the limiting dual to the primal problem. The final result is the contraction of what we refer to here as the combined quasi-error Q 2 (u j ,ẑ j ) := |||ẑ −ẑ j ||| 2 + γζ 2 2 (ẑ j ) + π|||u − u j ||| 2 + πγ p η 2 2 (u j ), which is the sum of the quasi-error as in [10] for the limiting dual problem and a multiple of the quasierror for the primal problem. The contraction of this property as shown in Theorem 5.9 establishes the contraction of the error in the goal function as shown in Corollary 5.10.
Our analysis is based on the recent development in the contraction framework for semilinear and more general nonlinear problems in [28, 24, 26] , and those for linear problems developed by Cascon, Kreuzer, Nochetto and Siebert [10] , and by Nochetto, Siebert, and Veeser [37] . In addressing the goal-oriented problem we base our framework on that of Mommer and Stevenson [35] for symmetric linear problems and Holst and Pollock [25] for nonsymmetric problems. We note also two other recent convergence results in the literature for goal-oriented adaptive methods applied to self-adjoint linear problems, namely [12] and [36] , both providing convergence rates in agreement with those in [35] .
The analysis of the goal-oriented method for nonlinear problems is significantly more complex than the previous analysis for linear problems in [35, 25] . We follow a marking strategy similar to the one discussed in [25] ; in particular, we mark for both primal and dual problems and take the union of the two as our marked set for the next refinement. This strategy differs from that in [35] in which they choose the set of lesser cardinality and use this to develop a quasi-optimal complexity result for solving Poisson's equation. Due to the increased complexity of the problems we consider here, we show convergence with respect to the quasi-error as opposed to the energy error and as such mark for both primal and dual sets as the error estimator is not guaranteed to decrease monotonically for the dual problem if the mesh is only marked for the primal (and vice-versa). While we do not develop theoretical complexity results for this method, we demonstrate it efficiency numerically and see that it compares well with the method of [35] as well as the dual weighted residual (DWR) method. The analysis further departs from that in [25] as here we are faced with analyzing linearized and approximate dual sequences as opposed to a single dual problem in order to establish contraction with respect to the quantity of interest. The approach presented here allows us to establish a contraction result for the goal-oriented method, which appears to be the first result of this type for nonlinear problems.
Outline of the paper. The remainder of the paper is structured as follows. In §2, we introduce the approximate, linearized and limiting dual problems. We briefly discuss the problem class and review some standard facts concerning conforming finite element discretization and error-estimate-driven adaptive finite element methods (AFEM). In §2.2 we include a brief summary of a priori estimates for the semilinear problem. In §3, we describe a goal-oriented variation of the standard approach to AFEM (GOAFEM). In §4 we discuss contraction theorems for the primal problem. In §5 we introduce additional estimates necessary for the contraction of the combined quasi-error and convergence in the sense of the quantity of interest. Lastly, in §6 we present some numerical experiments that support our theoretical results.
PRELIMINARIES
In this section, we state both the (nonlinear) primal problem and its finite element discretization. We then introduce the linearized dual problem, and consider some variants of this problem which are of use in the subsequent computation and analysis.
Consider the semilinear problem (1.2), where as in (1.3) we define the bilinear form
We make the following assumptions on the data:
is Lipschitz continuous and symmetric positive-definite with
2) b : Ω × R → R is smooth on the second argument. Here and in the remainder of the paper, we write b(u) instead of b(x, u) for simplicity. Moreover, we assume that b is monotone (increasing):
The native norm is the Sobolev H 1 norm given by v
Continuity of a( · , · ) follows from the Hölder inequality,
Define the energy semi-norm by the principal part of the differential operator |||v||| 2 := a(v, v). The coercivity of a( · , · ) follows from the Poincaré inequality with constant
which establishes the energy semi-norm as a norm. Putting this together with (2.1) establishes the equivalence between the native and energy norms.
2.1. Linearized dual problems. Given a linear functional g ∈ L 2 (Ω), the objective in goal-oriented error estimation is to relate the residual to the error in the quantity of interest. This involves solving a dual problem whose solution z satisfies the relation g(u − u h ) = R(u h ), z . In the linear case, the appropriate dual problem is the formal adjoint of the primal (cf. [34, 25] ). For b nonlinear, the primal problem (1.2) does not have an exact formal adjoint. In this case we obtain the dual by linearization.
Formally, given a numerical approximation u j to the exact solution u, the residual is given by
where g(v) := Ω gvdx and the operator B j is given by (2.4)
then the goal-oriented error g(e j ) of e j = u − u j can be represented exactly by the inner product of z j and R(u j ):
In fact, by definition of the residual R(u j ), we have
Here we used the integral Taylor identity:
The derivation and numerical use of the linearized dual problem is further discussed in [17, 16, 23] . Unfortunately, the dual problem (2.3) is computationally useful because the operator B j depends on the exact solution u. In order to define a computable dual operator, we introduce the approximate operator b (u j ), which lead to the following approximate dual problem:
The equation (2.5) is instrumental for defining a computable a posteriori error indicator for the dual problem.
A further difficulty arises in the analysis of the goal-oriented adaptive algorithm driven by the a posteriori error estimators for the approximate dual problem (2.5). Due to the dependence on u j , (2.5) changes at each step of the adaptive algorithm. This is one of the essential differences of the nonlinear problem as compared to the linear cases in the previous literature (cf. [35, 25] ). To handle this obstacle, we introduce the limiting dual problem:
While the operator b (u) is a function of the exact solution u and is not a computable quantity, it is the operator used in the limit of both the linearized dual (2.3) and approximate dual problems (2.5) as u j → u. Therefore, both the linearized and approximate sequences approach the same limiting problem (2.6). Our contraction result in Theorem 5.9 is written with respect to the limiting dual problem as defined by the operator b (u).
2.2.
Finite Element Approximation. For a given conforming, shape-regular triangulation T of Ω consisting of closed simplices T ∈ T , we define the finite element space (2.7)
where P n (T ) is the space of polynomials degree ≤ n over T . For any subset S ⊆ T ,
Given a triangulation T , we denote h T := max T ∈T h T where h T := |T | 1/d . In particular, we denote h 0 := h T0 for an initial (conforming, shape-regular) triangulation T 0 of Ω. Then the adaptive algorithm discussed below generates a nested sequence of conforming refinements {T k }, with T k ≥ T j for k ≥ j meaning that T k is a conforming triangulation of Ω based on certain refinements of T j . With this notation, we also simply denote by V k := V T k the finite element space defined on T k .
The finite element approximation of the primal problem (1.2) reads:
and the finite element approximation of (2.5) linearized about u j is given by: Findẑ
Finally, for the purpose of analysis, we introduce the discrete limiting dual problem (cf. (2.6)) given by:
Existence and uniqueness of solutions to the primal problems (1.2) and (2.9) follow from standard variational or fixed-point arguments as in [41] and [32] . For the dual problems (2.5)-(2.6) and (2.10)-(2.11) the existence and uniqueness of solutions follow from the standard Lax-Milgram Theorem as in [19] , since we assumed that b (ξ) ≥ 0.
We make the following assumption on the a priori L ∞ bounds of the solutions to the primal problems (1.2) and (2.9): Assumption 2.2 (A priori bounds). Let u and u k be the solution to (1.2) and (2.9),respectively. We assume that there are u − , u + ∈ L ∞ which satisfy 
3) Letẑ bet the solution to (2.6),ẑ j j the solution to (2.10) andẑ j the solution to (2.11). Then there are
GOAL ORIENTED AFEM
In this section, we describe the goal oriented adaptive finite element method (GOAFEM), which is based on the standard AFEM algorithm:
Below, we explain each procedure. Procedure SOLVE. The procedure SOLVE involves solving (2.9) for u j , computing b (u j ) to form problem (2.10) and solving (2.10) forẑ j j . In the analysis that follows, we assume for simplicity that the exact Galerkin solution is found on each mesh refinement. In practice the nonlinear problem (2.9) may be solved by a standard inexact Newton + multilevel algorithm as in [3] . The approximate dual problem (2.10) may be solved by any standard linear-time iterative method. Procedure ESTIMATE. We use a standard residual-based element-wise error estimator for both primal and approximate dual problems. Recall that the residual of the primal problem is given by
For the limiting and approximate dual problems, we define the local strong form byL
. The limiting and approximate dual residuals given respectively by
The jump residual for both the primal and linearized dual problems is:
where · is given by φ ∂T := lim t→0 φ(x + tn) − φ(x − tn)and n is taken to be the appropriate outward normal defined on ∂T . The error indicator for the primal problem (2.9) is given by
Similarly, the dual error-indicator is given by the approximate residual
This dual indicator is defined in terms of the approximate dual operator b (u j ) as this is a computable quantity given an approximation u j . In addition, for purpose of analysis we define the limiting dual errorindicator by
We remark that the limiting dual indicator as given by (3.5) is not computable. For any given subset S ⊂ T , the error estimators on S are given by the l 2 sum of error indicators over elements in the space.
The dual energy estimator is:
and the limiting estimator
To simplify the notation, below we will omit "S" in the above definitions if S = T and we will use η k to denote η T k , and similarly use ζ k,· to denote ζ T k ,· . As in [10] it is not difficult to verify that the indicators for the primal and approximate (respectively limiting) dual problems satisfy the monotonicity property for v ∈ V(T 1 ) and T 2 ≥ T 1
For an element T ∈ T 2 ∩ T 1
Procedure MARK. The Dörfler marking strategy for the goal-oriented problem is based on the following steps as in [35] :
1) Given θ ∈ (0, 1), mark sets for each of the primal and dual problems:
•
be the union of sets found for the primal and dual problems respectively.
As in [25] the set M differs from that in [35] , where the set of lesser cardinality between M p and M d is used. We emphasize the necessity of this choice to obtain strong contraction both in terms of the primal problem and the combined primal-dual system. For Poisson's equation investigated in [35] , the contracting quantity is the energy error, whereas here we develop contraction arguments for the quasi-error which combines the energy error with the error estimator. As the sequence of estimators for the primal (dual) problem based on the latest solution at each iteration is not necessarily monotone decreasing unless the primal (dual) problem has been refined for, we refine for both primal and dual problems at each iteration in order to force convergence of the quasi-error for both primal and dual problems. As seen in (3.9) the mesh is marked with respect to the dual indicators of the approximate-sequence solutionsẑ k k as these are computable quantities. Sets M p and M d with optimal cardinality (up to a factor of 2) can be chosen in linear time by binning the elements rather than performing a full sort [35] . Procedure REFINE. The refinement (including the completion) is performed according to newest vertex bisection which was first proposed in [39] . It has been proved that the bisection procedure will preserve the shape-regularity of the initial triangulation T 0 . The complexity and other properties of this procedure are now well-understood (see for example [8] and the references cited therein), and will simply be exploited here.
CONTRACTION FOR THE PRIMAL PROBLEM
In this section, we discuss the contraction of the primal problem (1.2), recalling results from [28] , [27] and [3] . The contraction argument relies on three main convergence results, namely quasi-orthogonality, error-estimator as upper bound on error and estimator reduction. We include the analogous results here for the limiting dual problem when they are identical or nearly identical.
4.1. Quasi-orthogonality. Orthogonality in the energy-norm |||u − u 2 ||| 2 = |||u − u 1 ||| 2 −|||u 2 − u 1 ||| 2 does not generally hold in the semilinear problem. We rely on the weaker quasi-orthogonality result to establish contraction of AFEM (GOAFEM). The proof of the quasi-orthogonality relies on the following L 2 -lifting property.
Lemma 4.1 (L 2 -lifting). Let the problem data satisfy Assumption 2.1 and Assumption 2.2. Let u be the exact solution to (1.2), and u 1 ∈ V 1 the Galerkin solution to (2.9). Let w ∈ H 1+s (Ω) ∩ H 1 0 (Ω) for some 0 < s ≤ 1 be the solution to the dual problem:
where the operator B 1 is defined by
As in [11, 18, 1] we assume the regularity
based on the continuity of the coefficients a ij and of b (·) . Then
Proof. The proof follows the standard duality arguments in [1] , [25] and [9] , adapted for the semilinear problem. Let
as discussed in [1] , [40] and [25] .
Consider the linearized dual problem (4.1) with
Subtracting (4.7) from (4.6)
L2
. Then by (2.1) continuity of a( · , · ), the Hölder inequality and Lipschitz continuity of b (Proposition 2.4):
By coercivity (2.2), interpolation estimate (4.4), and regularity (4.2) on the first term on the RHS of (4.9)
For the second term of (4.9), apply (4.5) followed by (4.2) and coercivity to the interpolation error yielding
Applying (4.10) and (4.11) to (4.9), we obtain
This completes the proof.
Similarly, we have the following L 2 -lifting result for two Galerkin solutions. Corollary 4.2. Let the assumptions in Lemma 4.1 hold. Let u 1 ∈ V 1 and u 2 ∈ V 2 be the Galerkin solutions to (2.9) in the spaces V 1 ⊂ V 2 , respectively. Then there is a constant C * > 0 such that
Proof. The proof of (4.13) follows by replacing u by u 2 in Lemma 4.1. In this case, we should replace the dual problem (4.1) by: Find w ∈ V 2 such that (4.14)
where the operator
The rest of the proof is the same as Lemma 4.1.
Remark 4.3. As the dual problem (4.1) changes at each iteration, so may the regularity constant as given by (4.2) as well as the interpolation constants as given by (4.4) and (4.5). As such, the previous lemma shows a C * ,k for k = 1, 2, . . .. As the algorithm is run finitely many times, we consolidate these C * ,k into a single constant C * for simplicity of presentation.
Now we are in position to show the quasi-orthogonality.
Lemma 4.4 (Quasi-orthogonality). Let the problem data satisfy Assumption 2.1 and Assumption 2.2. Let T 1 , T 2 be two conforming triangulation of Ω with T 2 ≥ T 1 . Let u ∈ H 1 0 (Ω) be the exact solution to (1.2), u i ∈ V i the solution to (2.9), i = 1, 2. There exists a constant C * > 0 depending on the problem data D and initial mesh T 0 , and a number 0 < s ≤ 1 related to the angles of ∂Ω, such that if the meshsize h 0 of the initial mesh satisfiesΛ := Bm
and in particular forv
where
and C * is the constant from Lemma 4.1.
Proof. For any givenv ∈ V 2 , we have
By Galerkin orthogonality
and taking v =v − u 2 in (4.18), we have
Here we used Hölder inequality and the Lipschitz property on b (cf. Proposition 2.4).
To prove the inequality (4.15), by applying the L 2 -lifting Lemma 4.1 to the first factor on the RHS and the coercivity (2.2) to the second followed by Young's inequality, we obtain
Applying (4.20) via (4.19) to (4.17)
AssumingΛ := Bm
The proof of the inequality (4.16) is almost identical. By applying L 2 -lifting 4.1 to each norm on the RHS of (4.19) by means of Corollary 4.2 then applying Young's inequality
Following the same procedure as above yields
with the weaker mesh assumptionΛ G := BC 2 * h 2s 0 < 1. We note that the second Galerkin orthogonality estimate (4.23) sharpens our results but is not essential to establishing them.
Error Estimator as Global
Upper-bound. The second key result for the contraction of the primal problem is the error estimator as a global upper bound on the energy error, up to a global constant. The result for the semilinear problem is established in [28, 24] with a clear generalization to the approximate dual sequence, also see [10] and [34] for the linear cases. The proof of this result follows from the general a posteriori error estimation framework developed in [42, 43] . (Ω) and u k ∈ V k be the solutions to (1.2) and (2.9), respectively. Similarly, letẑ ∈ H 1 0 (Ω) andẑ k ∈ V k be the solutions to (2.6) and (2.11), respectively. Then there is a global constant C 1 depending only on the problem data D and initial mesh T 0 such that
4.3. Estimator Reduction. The local Lipschitz property as in [28] , analogous to the local perturbation property established in [10] , is a key step in establishing estimator reduction leading to the contraction result. For any T ∈ T , we denote (4.26)
Here, for a d-simplex T , a true-hyperface is a d − 1 sub-simplex of T , e.g., a face in 3D or an edge in 2D.
We also define the data estimator on each element T ∈ T as
and denote η T (D, S) = max T ∈S η T (D, T ) for any subset S ⊆ T . Recall that B is the Lipschitz constant in Proposition 2.4. In particular, we denote by η 0 := η T0 (D, T 0 ) the data estimator on the initial mesh. As the grid is refined, the data estimator satisfies the monotonicity property for refinements T 2 ≥ T 1 (cf. [10] ): 
The constantΛ 1 > 0 depends on the dimension d and the initial mesh T 0 .
Proof. The proof follows those in [10] and [25] , and we sketch the proof below. From (3.3)
. Set e = v − w and by definition of the residual, we get 
For the second term of (4.31), by triangle inequality we obtain
.
By the inverse inequality, the diffusion term satisfies the bound ≤ B e L2(T ) .
The jump term in (4.31) satisfies
where C T depends only on the shape-regularity of the triangulation. Putting together (4.31), (4.33), (4.34) and (4.35), we obtain 
Analogously for the limiting dual problem
The contraction of the primal (semilinear) problem is established in [28] and [24] based on Lemma 4.4, Lemma 4.5 and Theorem 4.7 as discussed above.
Theorem 4.8 (Contraction of the primal problem). Let the problem data satisfy Assumption 2.1 and Assumption 2.2. Let u the solution to (1.2). Let θ ∈ (0, 1], and let {T j , V j , u j } j≥0 be the sequence of meshes, finite element spaces and discrete solutions produced by GOAFEM. Then there exist constants γ p > 0 and 0 < α < 1, depending on the initial mesh T 0 and marking parameter θ such that
CONTRACTION AND CONVERGENCE OF GOAFEM
In this section, we discuss the contraction and convergence of the GOAFEM described in §3. In particular, we show that the GOAFEM algorithm generates a sequence {T j , V j , u j ,ẑ j } j≥0 which contracts not only in the primal error as shown in §4, but also in a linear combination of the primal and limiting dual error. We emphasize that it would be difficult to derive convergence results in terms of problem (2.3) or (2.5), because at each refinement the problem is changing. So we show contraction in terms of the error in the limiting dual problem (2.6) as the target equation is fixed over the entire adaptive algorithm. Our approach of showing contraction in this section again relies on three main components: quasi-orthogonality, error-estimator as upper bound on error and estimator reduction. Here we discuss the relevant results for the limiting dual problem with an emphasis on those that differ significantly from the corresponding results for the primal problem. Note the limiting dual problem is not computable. We connect the error for the limiting dual problem to the computable quantities in the GOAFEM algorithm. For this purpose, we introduce Lemma 5.7, converting between limiting and approximate estimators in order to apply the Dörfler property to a computable quantity; and Lemma 5.8, bounding the discrete error between approximate and limiting dual solutions in terms of the primal error. We put these results together in Theorem 5.9
to establish the contraction of the combined quasi-error. Finally, the contraction of this form of the error is related to the error in the quantity of interest in Corollary 5.10.
5.1.
Quasi-orthogonality for Limiting-dual Problem. Similar to the proof of the quasi-orthogonality for the primal problem, we make use of an L 2 -lifting argument for the limiting-dual problem. Letẑ ∈ H 1 0 (Ω) andẑ 1 ∈ V 1 be the solutions to (2.6) and (2.11), respectively. We again use the duality argument, and introduce the problem: Find y ∈ H 1 0 (Ω) such that
Then we have the following L 2 -lifting result for the limiting-dual problem.
Lemma 5.1 (Limiting-dual L 2 -lifting). Let the problem data satisfy Assumption 2.1 and Assumption 2.2. Let T 1 be a conforming triangulation, andẑ ∈ H 1 0 (Ω) andẑ 1 ∈ V 1 be the solutions to (2.6) and (2.11), respectively. Assume that the solution y to (5.1) belongs to
Proof. The proof is essentially the same as that of Lemma 4.1, we omit here.
Remark 5.2. Similar to Corollary 4.2, the L 2 -lifting Lemma 5.1 also holds for two Galerkin solutions to (2.11),ẑ 2 ∈ V 2 andẑ 1 ∈ V 1 with V 1 ⊂ V 2 , namely,
The proof is essentially the same. We only need to replace (5.1) by the problem: Find y ∈ V 2 such that
With the help of Lemma 5.1, we obtain the quasi-orthogonality for the limiting-dual problem.
Lemma 5.3 (Quasi-orthogonality for Limiting Dual Problem).
Let the problem data satisfy Assumption 2.1, and T 1 , T 2 be two conforming triangulations with T 2 ≥ T 1 . Letẑ ∈ H 1 0 (Ω) the solution to (2.6) andẑ i ∈ V i the solution to (2.11), i = 1, 2. There exists a constantĈ * > 0 depending on the problem data D and initial mesh T 0 , and a number 0 < s ≤ 1 related to the regularity of (5.1), such that for sufficiently small h 0 we have
and in particular forv =ẑ 1
andĈ * is the constant from Lemma 5.1.
Proof. The proof follows same arguments as in Lemma 4.4, except that in place of the inequality in (4.18) we have for the limiting dual problem
as in (4.19). The rest of the proof is similar to Lemma 4.4, and we omit it here.
Estimator Perturbations for Dual Sequence.
As we have seen in Theorem 4.7, the local Lipschitz property (cf. Lemma 4.6) plays a key role in deriving the estimator reduction property used to convert between estimators on different refinement levels in both the primal and limiting dual problems. The following lemma gives similar local Lipschitz properties for the approximate and limiting dual problems on a given refinement level.
Lemma 5.4 (Local Lipschitz Property for Dual Estimators).
Let the problem data satisfy Assumption 2.1 and Assumption 2.2. Let T be a conforming refinement of T 0 . Then for all T ∈ T and for any v, w ∈ V T , it holds that
In particular, for the error indicator of the limiting dual problem we have
The constantΛ 1 > 0 depends on the dimension d and the regularity of the initial mesh T 0 .
Proof. The proof is similar to Lemma 4.6. We sketch the proof below. To prove (5.8), by (3.4) we have
Setting e = v − w and applying linearity to the definition of the dual residual as given by (3.2), we obtain
By the same reasoning as (4.31), we get With the help of Lemma 5.4, we are able to derive the following corollary, which addresses the error induced by switching between error indicators corresponding to the approximate and limiting dual problems on a given element.
Corollary 5.5. Let the problem data satisfy Assumption 2.1 and Assumption 2.2. Let T be a conforming refinement of T 0 , and u, u j are the solutions to (1.2) and (2.9) problems, respectively. Let Θ and K Z the constants given in Proposition 2.4. For all T ∈ T and for v, w ∈ V T ∩ [z − , z + ] the dual indicator on T satisfies
In particular, for T = T 1 , we have for the limiting estimator
Proof. By the definition of the residuals for the approximate dual problems, for any w ∈ V T we havê
Using (5.14) in the definition of the dual indicator (3.4) and applying a generalized triangle inequality As an immediate consequence of Corollary 5.5, we have the following results on the error induced by switching between dual estimators over a collection of elements on a given refinement level. This estimate plays a key role in the contraction argument below, as we apply it to switching between the estimator for the limiting dual and the computed error estimators for the approximate dual problems in the GOAFEM algorithm.
Proof. The conclusions follow by squaring inequality (5.13), applying Young's inequality twice, and then summing over element T ∈ M 1 (respectively T ∈ M 2 ). The H 1 norm is summed over all elements T ∈ T 1 counting each element d + 2 times, the maximum number of elements in each patch ω T .
Contraction of GOAFEM.
The main contraction argument Theorem 5.9 follows after two more lemmas. The first combines a sequence of estimates to convert the non-computable limiting estimator for the dual problem to a computable quantity, apply the Dörfler property and then convert back. The second relates the difference between the Galerkin solutions of the limiting and approximate dual problems to the primal error. Motivated by estimator reduction for the limiting dual problem as in equation (4.38) .18) the following lemma addresses the conversion between the limiting estimator ζ 
Proof. From Corollary 5.6, L 2 -lifting Lemma 4.1 and coercivity (2.2)
E . The Dörfler property may be applied to the first term on the RHS of (5.20)
Converting back to he limiting estimator by (5.17) in Corollary 5.6
Then by plugging (5.21) and (5.22) in the first term on the RHS of (5.20), we obtain
Finally, we split the first term on the RHS of (5.24) into two pieces for some β ∈ (0, 1), and apply the upper-bound estimate (4.25) in Lemma 4.5 to the second piece yielding
We may convert |||ẑ 1 −ẑ 1 1 ||| in the last term on the RHS of (5.19) to the error |||u − u 1 ||| as stated in the following lemma. 
where in the last inequality, we used the monotonicity assumption of b in Assumption (2.1). Now applying the Lipschitz property of b , the a priori L ∞ bounds on the dual solutionẑ 1 (cf. Proposition 2.4), and both primal and dual L 2 lifting in (5.29), we obtain
from which the result follows. Now we are in position to show the contraction of GOAFEM in terms of the combined quasi-error which is a linear combination of the energy errors and error estimators in primal and limiting dual problems. z the solution to (2.6),ẑ j the solution to (2.11).
Let θ ∈ (0, 1], and let {T j , V j } j≥0 be the sequence of meshes and finite element spaces produced by GOAFEM. Let γ p > 0 as given by Theorem 4.8. Then for sufficient small mesh size h 0 , there exist constants γ > 0, π > 0 and α D ∈ (0, 1) such that
Proof
By the estimator reduction for the limiting dual problem (4.38), for arbitrary δ > 0 we have
where λ = 1−2 −1/d . Recall the quasi-orthogonality estimate in the limiting dual problem from Lemma 5.3
Adding (5.33) to a positive multiple γ (to be determined) of (5.32) and applying the results of Lemmas 5.7 and 5.8 obtain
We first set γ := (1 + δ −1 )
0 to eliminate the last term in (5.34). This yields
where the coefficients A and M of (5.35) are given by
as was given in (5.23).
For contraction, we require A < 1 and M < 1 for the coefficients defined by (5.36) and (5.37) , that is, we need to choose a β ∈ (0, 1) such that (5.38)
To demonstrate the existence of such a β, set (5.39)
Then we require the mesh size h 0 sufficiently small, such that
for the given θ ∈ (0, 1). Note the conditions (5.39) and (5.40) guarantee that the interval in (5.38) is nonempty, so there exists a β such that
It remains to control the last term in (5.35). For simplicity, we assume
To control the primal error term with the coefficient D as given by (5.41), we add a positive multiple π (to be determined) of the primal contraction result (4.39) of Theorem 4.8 to (5.36) yielding
We choose π to ensure D + α 2 π < π, namely, π > Then the combined quasi-error satisfies the contraction property (5.31).
For simplicity, we denote bȳ (5.31) . The following corollary gives the contraction of the error in the goal function, which is determined by the contraction of the combined quasi-error.
Corollary 5.10. Let the assumptions in Theorem 5.9 hold. Then the error in the goal function is controlled by a constant multiple of the square of the combined quasi-error, i.e.,
Choosing the test function v = u − u j in (2.6), and by linearity and Galerkin orthogonality for the primal problem, we obtain
The third term in the last line of (5.45) represents the error induced by switching from (2.6) to (2.3) . This term may be bounded in terms of the constants and L ∞ estimates in Proposition 2.4 and
Then by (5.45), (5.46), the Cauchy-Schwarz inequality and L 2 -lifting as in Lemmas 4.1 and 5.1
Therefore the error in the goal function is bounded above by a constant multiple of the square of the combined quasi-errorQ 2 (u j ,ẑ j ). Thus (5.44) follows by the contraction result in Theorem 5.9.
NUMERICAL EXPERIMENTS
In this section, we present some numerical experiments implemented using FETK [22] , which is a fairly standard set of finite element modeling libraries for approximating the solutions to systems of nonlinear elliptic and parabolic equations. We compare three methods: HPZ, the algorithm presented in this paper; MS, the algorithm presented in [35] ; and the DWR, the dual weighted residual method as described in, for example [2, 6, 15, 20, 21, 16] . We see HPZ performs with comparable efficiency to MS, with the added benefit of fewer iterations of the adaptive algorithm (3.1) resulting in a shorter overall runtime. The efficiency of the residual based algorithms HPZ and MS in comparison to DWR varies with the problem structure. The examples below show cases where each algorithm may outperform the others, but where the performance of all three is comparable with a small change in the problem parameters.
In our DWR implementation, the finite element space V k for the primal problem employs linear Lagrange elements as do HPZ and MS for both the primal and dual spaces. For DWR, the dual finite element space V 2 k uses quadratic Lagrange elements. The elementwise DWR indicator defined as:
estimates the influence of the dual solution on the primal residual. Here z 2 ∈ V 2 k is the solution of the approximate dual problem (2.10) and I k is the interpolator onto V k . Then the DWR error estimator is the absolute value of the sum of indicators
Both HPZ and MS use the residual based indicators (3.3) and (3.4) for primal and approximate dual problems, respectively. In the adaptive algorithms, we use the Dörfler marking strategy (3.8)-(3.9) with parameter θ = 0.6. For the nonlinear primal problem, at each refinement we use a Newton-type iteration to solve the resulting nonlinear system of algebraic equations, which reduces the nonlinear residual to the tolerance F (u) L2 ≤ 10 −7 . On the initial triangulation, we use a zero initial guess for the Newton iteration; then for each subsequent refinement, we interpolate the numerical solution from the previous step to the current triangulation and then use it as the initial guess for the Newton iteration. By doing this, we have a good initial guess for the Newton iteration indicating a quadratic convergence rate of the nonlinear iterations.
In the following examples, we use the same primal problem given in weak form by 1 1000 ∇u, ∇v + 3u
The problem data for each problem are defined by g(u) = Ω gu and f (v) = Ω f v where g = g(x, y), f = f (x, y) are defined in each example over the domain Ω = (0, 1) 2 . The initial triangulation is a uniform mesh consisting of 144 elements. Here we consider problems where the primal and dual data and likewise the primal and dual solutions contain either sharp spikes or shallower bumps where these functions feature rapidly changing gradients.
Example 6.1 (Separated primal data).
This problem features a single Gaussian spike as the goal function g(x, y) and primal data focused on two bumps, one of which overlaps with the spike in g(x, y). We look at four sets of parameters manipulating both the intensity of the Gaussian and the placement of the second primal bump. This problem demonstrates the difference between the algorithms when some or all of the primal data has a strong influence on the quantity of interest g(u) and is remote from the spike in the dual solution.
The goal function is given by g(
The fixed parameters (x 0 , y 0 ) = (0.7, 0.7) and (x d , y d ) = (0.7, 0.7) fix an interaction between the primal solution and the dual data, and the second primal spike (x 1 , y 1 ) is tested at a near and far location. The parameter a scales both the maximum intensity of the spike in the goal function as well as the spread of the influence of the dual solution. In Figure 1 one spike in the primal data is focused near (0.7, 0.7) overlapping with the spike in g(x, y) and the second is near (0.6, 0, 6), close enough to influence u in the vicinity of g, but not entirely overlapping with the spike in the dual solution. In these cases, the residual based methods outperform DWR when a = 200 in parameter set (6.1) but only slightly when a = 400 in (6.2) where the spike in g(x, y) is narrowed and the second primal solution spike has less influence on the quantity of interest g(u). In Figure 2 , we locate the remote bump of the primal data at (0.3, 0.3) which is far enough away from the spike in the goal function, so that its influence is minimal on g(u). The three methods show a nearly identical error reduction rate when a = 400 in parameter set (6.4), while the residual based methods show a slight advantage when a = 200 in parameter set (6.3) . Figure 3 shows the resulting adaptive meshes produced by difference algorithms for parameter set (6.4). Even where the three methods produce nearly identical error reduction, the adaptive meshes are qualitatively different: DWR focuses on the interaction between the primal data and dual solution, HPZ and MS focus on the primal and dual data; however, HPZ has more concentrated refinement at the center of each region than does MS. In this example, we consider the problem with a single spike in the primal data and a goal function g(x, y) consisting of a Gaussian average about two separated points. We keep the far point fixed and move the second point close to the spike in the primal data to investigate which of the algorithms are more effective as we vary the overlap of the refinement sets based on the primal and dual problems. Compared to parameter sets (6.1)-(6.4), DWR generally fares as well or better than the residual based methods for (6.5)-(6.10).
Here, we also manipulate ω, the frequency of the sinusoid in the primal problem. We observe that varying the structure of the problem changes the relative efficiency of the three algorithms.
The goal function is given by
with a = 400 and (x 0 , y 0 ) = (0.7, 0.7). The data f (x, y) is chosen so the exact solution u(x, y) is given by For the parameter sets (6.5) and (6.6) shown in Figure 4 both dual spikes are remote from the primal data. As seen in Figure 5 each algorithm displays a distinct trend in its adaptive refinement: HPZ refines for both primal and dual; MS refines for both with a bias towards the primal, with 17 primal refinements and 10 dual refinements in this case; DWR refines with a bias towards the dual data. When ω = 1, HPZ and DWR show similar goal error reduction while MS stalls at least on these relatively early refinements. For ω = 2, MS still shows a slight tendency to refine more for the primal than the dual; however the error reductions is generally similar to the other two methods. Figure 6 shows the performance of the algorithms for parameter sets (6.7) and (6.8). Here, the residual methods are similar and both outperformed by DWR in the case ω = 1 while all three methods are similar in the case ω = 2, with HPZ showing a trend towards slightly greater goal error reduction. Finally, Figure 7 shows the performance of these methods for parameter sets (6.9) and (6.10). In these examples, DWR outperforms the residual based methods. In these two cases, the spikes in primal data and dual solution have an isolated area of overlap that coincides with the spikes in the primal solution and dual data, the situation that makes the DWR method the most efficient (cf. [25] ). Varying the frequency of the primal data again changes the relative efficiencies of the residual based methods. In contrast to (6.5) and (6.6), the performance of MS decreases when the frequency ω increases from 1 to 2.
The effectiveness of the DWR method is based on the assumption that R(u h ), z h is a good predictor for the error g(e h ). This appears to work so long as rapidly changing gradients in the dual solution coincide spatially with spikes in g(x, y), and the primal residual R(u h ) captures sufficient information about the primal solution in the vicinity of the influence function z h . For an example of where the first condition fails, we refer to the linear convection-diffusion problem discussed in [25] , and a demonstration of the second condition is (6.1). Under certain conditions, namely a confined region where the spikes in primal data and dual solution overlap that coincides with the overlap in the spikes in the primal solution and dual data, the DWR methods outperforms the residual based methods.
In many cases, all three methods display similar performance, yet with qualitatively different adaptive mesh refinements. The relative performances of HPZ and MS do appear to be dependent on the structure of the primal problem, however it is not clear at this stage how to predict which algorithm will yield a better reduction in goal error. In problems where the HPZ and MS results appear similar, we note that MS takes considerably longer to run as it may require approximately twice as many total iterations of the algorithm where most of the runtime is spent on nonlinear solves. We further emphasize that the results here consider the error vs. mesh cardinality, not total degrees of freedom. It is of further interest to compare the performance of DWR with the residual based methods using higher order finite elements for the dual and possibly primal problems. Determining classes of problems for which each method is best suited is currently under investigation by the present authors.
CONCLUSION
In this article we developed convergence theory for a class of goal-oriented adaptive finite element algorithms for second order semilinear elliptic equations. We first introduced several approximate dual problems, and briefly discussed the target problem class. We then reviewed some standard facts concerning conforming finite element discretization and error-estimate-driven adaptive finite element methods (AFEM). We included a brief summary of a priori estimates for semilinear problems, and then described goal-oriented variations of the standard approach to AFEM (GOAFEM). Following the recent work of Mommer-Stevenson and Holst-Pollock for linear problems, we established contraction of GOAFEM for the primal problem. We also developed some additional estimates that make it possible to establish contraction of the combined quasi-error, and showed convergence in the sense of the quantity of interest. Some simple numerical experiments confirmed these theoretical predictions and demonstrated that our method performs comparably to other standard adaptive goal-oriented strategies, and has the additional advantage of provable convergence for problems where the theory has not been developed for the other two methods. Our analysis was based on the recent contraction frameworks for the semilinear problem developed by Holst, Tsogtgerel, and Zhu and Bank, Holst, Szypowski and Zhu and those for linear problems as in Cascon, Kreuzer, Nochetto and Siebert, and Nochetto, Siebert, and Veeser. In addressing the goal-oriented problem we based our approach on that of Mommer and Stevenson for symmetric linear problems and Holst and Pollock for nonsymmetric problems. However, unlike the linear case, we were faced with tracking linearized and approximate dual sequences in order to establish contraction with respect to the quantity of interest.
In the present paper we assume the primal and approximate dual solutions are solved on the same mesh at each iteration. The determination of strong convergence results for a method which solves the primal (nonlinear) problem on a coarse mesh and the dual on a fine mesh is the subject of future investigation.
